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Finite Element Method for Large-Amplitude Two-Dimensional
Panel Flutter at Hypersonic Speeds
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A finite element approach is presented for determining the nonlinear flutter characteristics of two-dimensional
panels using unsteady, third-order piston theory aerodynamics. Both nonlinear (large-amplitude) structural and
nonlinear aerodynamic terms are considered in the finite element formulation. Solution procedures are pre-
sented to solve the nonlinear panel flutter and large-amplitude free vibration finite element equations. Nonlinear
flutter analyses are performed for different boundary-support conditions and for various system parameters:
plate thickness to length ratio h/a\ Mach number Af; flow-mass density to panel-mass density ratio; dynamic
pressure X; and maximum deflection to thickness ratio c/h. For large-amplitude free vibration, alternative
classical analytical solutions are available for comparison. Linear aerodynamic and nonlinear structural finite
element flutter results are compared with existing classical solutions, and nonlinear (aerodynamic and structure)
results are compared among finite element findings presented in this study to assess the influence of including
the nonlinearities associated with the third-order piston theory aerodynamics. In addition, the effect of varying
the support conditions on the limit-cycle dynamic pressure is also evaluated.

Nomenclature
a - panel length
ae = plate finite element length
0i,tf2»fl3>fl4 = generalized out-of-plane coordinates
&i,&2>£3»&4 = generalized in-plane coordinates
c = maximum panel deflection
D = plate bending rigidity
e = natural log base
h = panel thickness

M = Mach number
P,P<»,P - aerodynamic pressure, freestream pressure,

surface stress vector
q = dynamic pressure
r = h/a
ufw = in-plane and out-of-plane panel deflections,

respectively
V = air velocity
( w ) • = nondimensional element displacement
( w} = nondimensional global finite element

displacement
x,z - coordinate axes
e = strain
<f> = complex eigenvector
7 = ratio of specific heats, 7 = 1.4 for this

investigation
</> = out-of-plane interpolation functions

Received Oct. 5,1989; revision received Feb. 16, 1990. Copyright ©
1990 by the American Institute of Aeronautics and Astronautics, Inc.
No copyright is asserted in the United States under Title 17, U.S.
Code. The U.S. Government has a royalty-free license to exercise all
rights under the copyright claimed herein for Governmental purposes.
All other rights are reserved by the copyright owner.

*Aerospace Engineer, Facilities Engineering Division. Member
AIAA.

fProfessor, Department of Mechanical Engineering and Mechan-
ics. Associate Fellow AIAA.

tAerospace Engineer, Structural Mechanics Division.

X = 2qa3/MD
p,pa = plate and air mass densities, respectively
a = stress
r = nondimensional time
//, = paa/ph
Q = a. + /o> complex eigenvalue
v = Poisson's ratio, v — 0.3
£ = nondimensional position coordinate

\l/ = in-plane interpolation functions

Subscripts
cr = critical
/ = flexural
/ = limit cycle
m = membrane

I. Introduction

P ANEL flutter is the self-excited of self-sustained oscilla-
tion of an external panel of a flight vehicle when exposed

to supersonic or hypersonic airflow. Panel flutter differs from
wing flutter in that the aerodynamic forces resulting from the
airflow act only on one side of the panel. In the context of
small deflection (linear) structural theory, there is a critical
value of the nondimensional dynamic pressure parameter Xcr
(or flow velocity) above which the panel motion becomes
unstable and grows exponentially with time. Below this critical
dynamic pressure, any disturbance to the panel results in
motion that decays exponentially with time. A vast quantity of
literature exists on linear panel flutter using different aerody-
namic theories (e.g., Refs. 1-3 and many others). For panel
flutter at high supersonic Mach numbers (M> 1.7), the aero-
dynamic theory applied for the most part is a quasisteady
first-order piston theory aerodynamics.4 Because of the resur-
gent interest in flight vehicles that will operate not only at high
supersonic Mach numbers but well into the hypersonic regime,
the proposed finite element approach employs unsteady non-
linear third-order piston theory aerodynamics. These aerody-
namics, although several decades old, have been employed to
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approximate the aerodynamic loads on the panel from local
pressures generated by the body's motion as related to the
local normal component of the fluid velocity; thus, a point-
function relationship between the normal component of the
fluid velocity and the local panel pressure is obtained. For
high supersonic Mach numbers, these theories reasonably esti-
mate the aerodynamic pressures.

In actuality, the panel not only bends but also stretches due
to large-amplitude vibrations. Membrane tensile forces in the
panel due to the induced stretching provide a limited stabiliz-
ing effect of the "hard-spring" type that restrains the panel
motion to a bounded amplitude for limit-cycle oscillations
with increasing amplitude as the dynamic pressure increases.
The external skin of a flight vehicle thus can withstand veloc-
ities beyond the linear critical value Xcr. Mclntosh5 investi-
gated the effects of hypersonic nonlinear aerodynamic load-
ings on panel flutter. His findings, however, show that
higher-order piston theory aerodynamics may, for some sys-
tem parameters, produce a "soft-spring" effect that will pre-
dict lower flutter velocities than those predicted by first-order
piston theory aerodynamics, although the effects of mem-
brane tensile forces in the panel are included in the analysis.
Two notable surveys on the subject of panel flutter for linear
and nonlinear panel flutter are given by Do well6 and, most

jecently, by Reed et al.7
A number of classical analytical methods exist for the inves-

tigation of limit-cycle oscillations of panels in supersonic flow.
However, because of the highly nonlinear nature of the aero-
dynamic theory, just a few researchers have investigated the
limit-cycle oscillations of panels in hypersonic flow. Mcln-
tosh5 integrated the nonlinear modal equations of motion for
given initial conditions and observed the resultant panel mo-
tion vs time, until a limit-cycle response of constant amplitude
independent of initial conditions was reached. Librescu8 re-
tained only the linear aerodynamic damping terms and derived
the equations for an arbitrary number of modes using
Galerkin's method. Typically, for the supersonic ease,
Galerkin's method is used in the spatial domain where the
panel deflection is expressed in terms of one to six linear-nor-
mal modes. Various techniques in the temporal domain such
as the time numerical integration,9'11 harmonic balance,12'13

and perturbation methods,13'14 to cite a few, are employed.
Also, nonlinear supersonic flutter of orthotropic panels was
recently studied15 using harmonic balance. All of the analyti-
cal investigations have been limited to two- or three-dimen-
sional rectangular plates with all four edges simply supported
or clamped. The classical approaches also show that, as a
minimum, six linear-normal modes are required to achieve a
converged solution for displacements and possibly more for
stresses.5'11

Olson extended the finite element method to study the linear
panel flutter problem.16'17 Because of its versatile applicabil-
ity, effects of aerodynamic damping, complex panel configu-
rations, flow angularities, in-plane prestress, and laminated
anisotropic panel properties can be included easily and conve-
niently in the finite element formulation. A review of linear
panel flutter using finite element methods was given by Yang
and Sung.18

Mei and Rogers applied the finite element method to study
the supersonic limit-cycle oscillations of two-dimensional pan-
els.19'20 Rao and Rao21 also investigated the large-amplitude
supersonic flutter of two-dimensional panels with endif elasti-
cally restrained against rotation. Mei and Weidman,122 Han
and Yang,23 and Mei and Wang24 further extended the finite
element method to treat supersonic limit-cycle oscillations of
three-dimensional rectangular and triangular isotropic plates,
respectively. Recently, Sarma, and Varadan25 studied the non-
linear structural behavior of two-dimensional panels using the
first-order piston theory aerodynamics. They presented two
solution methods using a seventh-order displacement-based
finite element. Their first method uses the nonlinear free-vi-
bration mode shape as an approximation to the nonlinear

Air flow ̂

V = velocity
q = •! p V2 = dynamic pressure /- Pressure
M = Mach number A / p h, panel thickness

itltl
Cavity

panel length
+z,w

Fig. 1 Two-dimensional panel geometry.

panel flutter problem; alternately, their second method uses
the linear panel-flutter mode shape as an initial estimate for an
iterative solution process similar to those given in Refs. 18-24.
Because of the resurgent interest in panel flutter at the high-su-
personic/low-hypersonic speeds,7 this paper extends the finite
element method to investigate the limit-cycle oscillations of
two-dimensional panels subject to hypersonic flow described
by third-order piston theory aerodynamics.

Finite Element Formulation
Consider the two-dimensional flat panel of length a, thick-

ness h, and mass density p, with air flowing above the panel at
Mach number M shown in Fig. 1. It is assumed that the air
flowing above the panel is in the positive x direction and that
the effects of the cavity on the back side of the panel can be
neglected. The sign convention to be followed is that positive
flow is in the direction of increasing x and a positive deflection
is into the cavity.

Hamilton's Principle for a Continuum
The general form of Hamilton's principle for a nonconser-

vative elastic continuous medium is

"[I/ , L J v
pu,tt'budV-(\ f-dudV+\ p-5udS

a:dedV}\ dt = 0 (1)

The terms under the time integral represent the work done on
the body at any time / by the resultant force in moving through
the virtual displacement du; /is the body force, and is ne-
glected in this formulation; p is the specified surface stress
vector; and a:6e is a stress virtual-strain tensor product.

Constitutive and Strain-Displacement Relationships
For the two-dimensional isotropic plate, the stress-strain

relationship becomes

(1 - v2) (2)

The form of the strain-displacement relationship for an arbi-
trary point through the thickness h of the plate is as follows:

2
(3)

Aerodynamic Pressure Function
The virtual-work integral involving the surface stress vector

is evaluated using the unsteady third-order piston theory aero-
dynamics4'5 to develop the aerodynamic loads on the upper
surface of the panel, which relates the local point function
pressure generated by the panel's motion to the local normal
component of the flow velocity. Thus, the aerodynamic pres-
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sure loading as given by this theory is5 equations of motion for an element become

(4)

The first two terms in the brackets in Eq. (4) constitute what
is commonly referred to as the first-order piston theory aero-
dynamics, while Eq. (4) without the cubic term represents the
second-order piston theory aerodynamics.

Element Representation
Using Eqs. (2-4) in Eq. (1) results in the following expres-

sion for Hamilton's principle for an element of length ae:

K /I ph[ u
Jo \

dx

dwdx

i (1-^) [U>x8u>x + 2W'xdU'x + U'xW'xSW'x

1 3 — 1- w,x w,x + J2 wtxx w)AarJ (5)

The displacement functions for the two-dimensional plate are
chosen as

u(x,t) =

(6a)

(6b)

where ( w/ j and ( wm } are the element nodal displacement
quantities at the two ends of the plate:

(7)

The subscripts 1 and 2 refer to the two end nodes of the
element and <£/ and \I/J9 j = 1, ..., 4, are the interpolation
functions defined as

(8a)

(8b)

(8c)

(8d)

= ^2 = Jf [1 ~ 2(x/ae)

Using Eq. (6) in Eq. (5), dividing by 03/D, letting t =
and x = 0£ (nondimensional time and position, respectively),
\ = 2qa3/MD (nondimensional dynamic pressure), /* = p^/
ph (nondimensional mass parameter), r = h/a, M = Mach
number, and assuming constant properties over an element,
the nondimensional element mass, stiffness, and aerodynamic
influence matrices can be developed and written in terms of
the interpolation functions and nodal quantities. Assembling
the mass, stiffness, and aerodynamic influence matrices, the

[«/] [0]

[0] [mm]

da]

(fe] + [gi] [0]

[0] [0]

(afl] [0]

[0] [0]

[kff] [0]

[0] [A:mm]

[%/] tO]

[0] [0]

[*!//] {k\fm.

[klmf\ [0]

= {/} (9)

where {/) is the internal element equilibrium forces, [k] is the
linear elastic stiffness matrix, and [ki\ and [k2] are nonlinear
stiffness matrices that depend linearly and quadratically upon
displacements, respectively, and are defined as follows:

Mass:

i ae /a

{*)[*]

( ae/a

Stiffness:

_\2 [
\ = T 1

r2 J

ae/a

o
,

-
' o

(lOa)

(lOb)

(lOc)

(lOd)

(lOe)

(lOf)

(10g)

(lOh)

Aerodynjunic Influence:

f ae/a

0

/v
/M

bl l=1I (10k)
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f

Jo

d£ (101)

t (10m)

21) l*I[*']d| (lOn)

where

are the constrained nodal displacements of the assembled sys-
tem. By neglecting the in-plane mass for the lower frequencies,
Eq. (11) can be partitioned and written as two separate equa-
tions. Solving the partitioned equations for ( Wm } leads to the
following reduced system equation in terms of the transverse
displacement quantities [Wf}\

[Mf\ ( Wf] + [G +

- [Klfm][Kmm]

[Atl]

Wf\ [Klff]

Wf] = {0} (13)

The variational principle in Eq. (1) represents a finite ele-
ment approach to study the limit-cycle oscillations of two-di-
mensional panels at hypersonic speeds. Unlike first-order pis-
ton theory aerodynamics that will produce two linear
aerodynamic influence matrices ([a] and [g]), the third-order
piston theory aerodynamics yields, in addition to the same two
linear matrices, four nonlinear aerodynamic influence ma-
trices ([gi], [an] , [tf/i], and [0/2]) where the aerodynamic ma-
trices are functions of the system aerodynamic parameters, in
particular the dynamic pressure X. The aerodynamic influence
matrices [a] and [g] are linear, whereas, [gi] and [at\] depend
linearly upon the time derivative of the displacements (gener-
alized velocities). The other two matrices, [a/\\ and [o/J, are
linear and quadratic in the displacements. The symmetry in
the first-order nonlinear stiffness matrix ([kimf\ = [kifm]t) has
been preserved at the expense of transferring the nonlinearity
on w,£ to u,% by splitting u,xw,xdw,x in Eq. (5), thus producing
t h e [ k i ] term.

where the relationship

System Finite Element Formulation and Solution Procedure
By assembling the finite elements for the entire system and

applying the kinematic boundary conditions [e.g., for simply
supports; w(0) = u(a) = w(0) = w(0) = 0], the equations of mo-
tion for the coupled (bending/membrane) system are of the
form using the convention that upper case matrix notation
pertains to assembled structure:

[Mf] [0]

[0] [Mm]

[0]

[0]

[0] [0]

[0]

[0]

\W\

W\

(14)

was used in deriving Eq. (13) by neglecting the in-plane mass
[Mm] in Eq. (11). This matrix equation, as written is a
damped-vibration problem in the configuration space; and, as
such, does not lend itself to standard eigenvalue solution
algorithms. Thus, the approach to be adopted transforms the
problem from the configuration space to a state space, which
results in a more standard form of the eigenvalue problem. By
making the transformation to the state space, the governing
matrix equation Eq. (13) becomes

[0]

[0] [/]

[D*

-[/]

[AT*]

[0]

where

[A-*] =

[£>*] = [G] + [G,]

[Klff] - [Klfm][Kmm] - l[Klmf]

A] + [Atl]

(16a)

(16b)

and [/] is an identity matrix. The solution to the homogeneous
problem is sought in the form of

(17)

where {^{] and ($2) are complex eigenvectors that are ar-
ranged as a single column vector, Q = (a + /a>) is the complex
eigenvalue, and c is a nonzero (scalar) constant displacement
amplitude. Substituting the assumed response into Eq. (15)
results in the following eigenvalue problem:

[%] [0]

[0] [#mm] [0]

where

[0]

[0] [0]

»>
w,

(11)

(12)

By expressing e°T as a complex quantity in Euler form and
requiring both coefficients of since/ and cosco/ to vanish, Eq.
(18) can be written as two equations:

cea \Mf\ [0] [D*] [/T*]
[0] [/]J L - [/] [0]

costor = 10)

(19)
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icea

(20)

Since c is nonzero, Eq. (11) is for a constrained system, and
the solution sought is for all times greater than zero, both Eqs.
(19) and (20) represent the same eigenvalue problem. To solve
Eq. (19) or Eq. (20), the nonlinear matrices in Eqs. (16) need
to be evaluated. Since all of the system quantities used in
developing Eq. (15) are real, it must be concluded that the
nodal response quantities must also be real.3'20 As is generally
the case with most nonlinear problems, numerous methodolo-
gies are available to obtain linearized solutions.18"25 A signifi-
cant focus of this study has been centered around linearizing
the resulting nonlinear eigenvalue problem of Eq. (19) for
synchronous motions. This can be accomplished by linearizing
Eqs. (16) and employing an iterative solution procedure. Re-
calling Eq. (6a), the transverse nondimensional plate velocity
and slope are

(21a)

(21b)

Both of these quantities can be approximated from Eq. (17) by
normalizing the eigenvector as follows and recognizing that
( W f ] is a real quantity and, as such, takes only the real part of
the normalized Eq. (17):

COS COT (22)

The quantity | ($2)* | is the magnitude of the largest displace-
ment component of the eigenvector that corresponds to { Wf},
and fik is the corresponding phase angle. Next, denote c - ceaT

as the damped amplitude. Thus, it is clear from Eq. (22) that
the sign of the real part of the eigenvalue controls the stability
of the solution. The solution is stable for all a that are less
than zero. For a equal to zero, then c equals c and the
resulting solution corresponds to that of a limit-cycle oscilla-
tion. By letting

M'y 1

Eq. (22) becomes

*
cos COT

(23)

(24)

Using Eqs. (6) and (21), the (scalar magnitude) transverse
nondimensional plate velocity and slope become

(25a)

(25b)

(25c)

In Eqs. (25), the column vectors [$i}j and (3>2), contain the
appropriate global eigenvector quantities that correspond to
the particular yth finite element and the column vector
{($2)m }j contains the appropriate membrane global eigenvec-
tors using Eq. (14). Thus, with Eqs. (25), the nonlinear terms
in Eq. (19) can be evaluated. By making use of the following
identities

i1 ! ,COS COT = I - + — COS 2COT
1/2

COS3 COT = - (3 COS COT + COS 3COT)
4

(26b)

and neglecting the higher harmonics, the following approxim-
tions may be used to linearize Eq. (19):

COS COT =

cos3 COT = - cos cor
4

(27a)

(27b)

A similar approach may be used to linearize Eq. (20) and
will result in the same linearized eigenvalue problem. Using
Eq. (27a) in Eqs. (10) results in the following element ma-
trices:

[k\mf]=~ [k\mf\ COS COTn

where
/C | fl/fle

f JO

, Fa/ae

[klmf}=-r Jo

6 fa/<* „

1 -I-

~*~ M

1+7

0

a/fle

cos COT (28a)

(28b)

cos2 COT (28c)

cos2 COT (28d)

[til (28e)

[afl] (280

[a/i] (28g)

cos2 COT (28h)

(29a)

(29b)

(29c)

(29d)

(29e)

(290

(29g)

(29h)

define the linearized element matrices as represented in Eqs.
(10). Assembling Eqs. (28) for the constrained system, con-

(26a) densing out the in-plane displacements according to Eq. (14),
and using Eq. (27b) to linearize the remaining time functions
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results in the following linearized eigenvalue problem:

= 0 (30)to] m _-[/] [
where the linearized matrices [D] and [K\ are defined as

2
(31a)

(31b)

The eigenvector is normalized so that the maximum value of
the largest transverse displacement quantity in { Wf} is unity
with a reference phase angle of zero as given in Eq. (23). If Eq.
(23) is normalized, then it can be scaled to a given limit-cycle
amplitude c. Having normalized and scaled Eq. (24), w, w,
and their derivatives for each element can be computed easily
from Eqs. (25). Thus, the resulting estimate of the nodal
quantities can be approximated from a previous solution of
Eq. (30) as depicted in Fig. 2 by dropping the nonlinear terms
in Eq. (30) and solving the linear eigenvalue problem. With the
linear eigenvectors, the process just described can be used to
approximate the quantities necessary to assemble the nonlin-
ear element matrices in Eqs. (28); the same process is repeated
until successive iterations yield the same eigenvalue, both real
and imaginary, within acceptable limits,20 and the same eigen-
vector, again within the limits of some convergence crite-
ria.20'26

Therefore, for a given panel configuration and dynamic
pressure, the system eigenvalues and eigenvectors can be com-
puted. As the dynamic pressure is increased monotonically
from zero (X = 0 corresponds to in vacuo large-amplitude free
vibration), the symmetric real-and-positive-definite stiffness
matrix is perturbed by the_skewed_(HL [Ail* M/il> and [^4/j])
and symmetric ([G] and [GJ) aerodynamic influence matrices
so that two of the eigenvalues approach each other until they
coalesce. A critical dynamic pressure Xcr for the linear struc-
ture (c/h = 0) and a limit-cycle dynamic pressure X/ for the
nonlinear structure are determined when the real part of the

1. For a given X, solve

Ji = linear matrix

2. Iteration count n = 1, with the n-th approximate
displacements

Mri =e{0}n-i ^————————

3. Compute and solve n = n + 1

[0]

4. Test for convergence, if fail -
5. Compute stresses, if desired.

Fig. 2 Nonlinear panel flutter solution procedure.

eigenvalue approaches positive values for a fixed dynamic
pressure (see Fig. 4 for example).

Results and Discussion
A study to determine the number of finite elements neces-

sary to achieve a converged solution was performed. It was
found that there was approximately 2% difference between an
eight-element solution and a twelve-element solution, whereas
there was less than 0.1% difference between twelve- and six-
teen-element solutions. Therefore, all of the results presented
in this study are for twelve-element solutions.

Large Amplitude In Vacuo Vibration
A comparison between various classical analytical solutions

and a twelve-element solution was performed for simply sup-
ported and clamped panels. The first comparison is for a
simply supported panel. Analytical solutions using two differ-
ent approaches from Ref. 27 and Woinowsky-Kreiger's ellip-
tic-function results28 are also shown in Table 1. All of these
methods, assumed time mode,27 the Galerkin approach,27 and
elliptic-function, used a single linear mode to separate the
spatial and time dependence on the displacements in the gov-
erning equations. The finite element method also uses a single
mode, but it is a nonlinear updated mode that is iterated in Eq.
(30) until subsequent iterations produce the same mode shape
and eigenvalue. The comparison between the single-mode el-
liptic-function solutions and the finite element method is fa-
vorable for both modes.

The second comparison is with Yamaki and Mori's three-
mode Galerkin procedure29 for the large-amplitude vibration

Table 1 Comparison of large-amplitude free vibration
__ (w/w0)/i for a simply-supported panel

Woinowsky-
Kreiger28

Amplitude Mode 12 finite elliptic Assumed Ritz-
c/h n elements function time mode27 Galerkin27

0.0

0.2

0.4

0.6

0.8

1.0

1.2

/

1
2

1
2

1
2

1
2

1
2

1
2

1
2

Table 2

1.0000 .0000 1.0000
1.0000 .0000

1.0436 .0439 1.0296
1.0441 .0439

1.1662 .1644 1.1136
1.1662 .1644

1.3455 .3397 1.2410
1.3452 .3397

1.5623 .5506 1.4000
1.5621 .5506

1.8024 .7844 1.5811
1.8027 .7844

2.0588 2.0335 1.7776
2.0590 2.0335

Comparison of large-amplitude vibration
of a clamped beam

Nondimensional frequency

1.0000

1.0440

1.1662

1.3454

1.5620

1.8028

2.0591

Theory-Galerkin
Amplitude assumed space mode Finite element

c/h Yamaki and Mod29 method
0.0665
0.5307
0.9833
1.4571
2.0451
2.6602
3.0683

22.4 22.40
24.0 24.00
27.5 27.53
32.5 32.55
40.0 39.81
50.0 48.06
60.0 53.73
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1.0

.8

.6

.4

.2

O Linearization w/12 finite elements
— Dowell[11]

300 400 500

Fig. 3 Comparison of limit-cycle flutter amplitude ratios with Dow ell's solution for a simply-supported panel.

(CD)
lm(Eigen.)

c/h = + .6 i 3rd-order
/ piston theory

Re(Eigen.)

600200 400
Dynamic pressure, X

Fig. 4 Eigenvalue variation with nondimensional dynamic pressure
parameter for a simply-supported panel. (Mr = .05 and p/M --,= .01)

of a clamped beam. The nondimensional first-mode frequency
for several amplitude ratios is presented in Table 2. These
results compare well for c/h ratios up to approximately two.
For amplitude ratios greater than two, the finite element re-
sults exhibit a "softer" response. Thus, using the procedure as
described earlier yields finite element results that correlate well
with established classical methods. This procedure can best be
described as a linearized updated mode with a nonlinear time
function approximation (LUM/NTF) method.

Nonlinear Structure and Linear Aerodynamics
A comparison was made with Dowell's six-mode limit-cycle

oscillation results11 using first-order piston theory aerodynam-
ics. However, since the finite element formulation presented
here differs slightly from the formulation presented in Ref. 11,
the finite element in-plane stiffness matrices were scaled by
(1 - v2) to correlate with Eq. (1.4) of Ref. 11. This comparison
is shown in Fig. 3 for several /*/M ratios. The finite element
results, using the LUM/NTF linearizing method, agree ex-
tremely well with Dowell's results.11

Simply Supported Panel arid Effects of System Parameters
The effects of the nonlinear structure and hypersonic third-

order piston theory aerodynamics (for c//i = ±0.6), when
compared to the linear structure and first-order piston theory
aerodynamics (c/h =0) for a simply supported panel, can be
seen in Fig. 4, which depicts coalescence of the first and
second linear modes at X = 343.35. Classical analytical meth-
ods establish coalescence at X = 343.35. Thus, linear finite
element results compare well with linear classical solutions.
The complete panel behavior is characterized by plotting the
complex eigenvalue (a. + /co) variation with increasing dynamic
pressure X. These variations are shown in Fig. 4 for the first
two modes. As X increases from zero (in vacuo), the
Irh(fii) = o>! for the first mode increases and the Im(122) = ̂ 2 for
the second mode decreases until the two modes coalesce.
When damping is present, the instability sets in at a somewhat

1.0

.8

Mr = 0.01

£= .75 >9%frX

Simply supported
panel

400 600

O Pos. peak
nonlinear aero

D Neg. peak
nonlinear aero

A Linear aero

800

Fig. 5 Comparison of first- and third-order piston theory aerody-
namics on large-amplitude panel flutter (panel deflection at x/
a = .75).

higher value of X as indicated when a = 0. This point (Xcr) for
the linear cases is a function of the system parameter p/M [see
Eq. (10)]; however, for the nonlinear case X/ is a function of
IJL/M and Mr. Other than the obvious increase in X at coales-
cence, the nonlinear aerodynamics also produces another sig-
nificant effect which is seen by the dependence of X on the sign
of the assumed mode shape. Mclntosh5 attributes this effect to
the nonlinear u>,J term in Eq. (4) that produces an overpres-
sure which in turn tends to push the panel into the cavity.

A comparison between the first-order and third-order pis-
ton theory aerodynamics is shown in Fig. 5. Again, the effect
of the sign of the mode shape on the response is noted. The
first-order piston theory aerodynamics and nonlinear struc-
tural theory show no response change relative to the sign of
the assumed mode; in fact, the first-order response for these
particular system parameters falls between the ±c/h results
for the third-order theory. Thus, for the +c/h amplitude
ratios, the effect of including the third-order theory aerody-
namics is destabilizing when compared to the first-order the-
ory, and stabilizing for — c/h amplitude ratios. As cited in
Ref. 5 and noted in Fig. 4, the change in the frequency
oscillation is quite small. This resulted in the panel deflection
shapes at X/ for both the first- and third-order piston theory
aerodynamics being very similar—the maximum deflection
occurred at x/a =0.75.

Since X/ depends on the system parameters p/M and Mr, the
effect of increasing these parameters for a variation in X
results in a change in peak displacement, as shown in Fig. 6.

For the parameters noted on the figure and a limit-cycle
amplitude less than one-half of a plate thickness, the ampli-
tude-dynamic pressure relationship can be reasonably esti-
mated by first-order piston theory aerodynamics. Because of
the strong influence of the nonlinear effects from both the
geometry ("hardening") and the aerodynamics ("softening"),
these results suggest that third-order piston theory aerody-
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D Mr = .10-^ = .01

700

Fig. 6 Effects of aerodynamic and geometry parameters on limit-cy-
cle flutter amplitude at x/a = .75 for simply-supported panels.

1000

Fig. 7 Effects of support conditioning on limit-cycle flutter ampli-
tude at x/a = .75. (Mr = .05 and n/M = .01)

namics should be employed for limit-cycle amplitudes that are
greater than one-half of a plate thickness.

Boundary Support Effects
In Fig. 7, the nondimensional panel amplitude of the limit-

cycle oscillation is given as a function of X/ for various edge
restraints. The most interesting result is that the limit-cycle
motions are different for hinged-clamped and clamped-hinged
panels. This occurs because the constrained system matrices
are different for these support conditions. This condition is
difficult to evaluate analytically; however, it is easy to account
for when using finite elements. It is also interesting to note
that the slopes for the various boundary conditions behave
according to the trailing-edge support condition.

Nonlinear Aerodynamic Effects
Another interesting aspect is the influence the aerodynamic

nonlinear terms have on the motion of the panel as it oscillates
at a high dynamic pressure. Table 3 summarizes, for the
parameters shown, a comparison between the first-, second-,
and third-order piston theory aerodynamics and the effect of
neglecting each of the nonlinear aerodynamic terms indepen-
dently. The term tfyaj jias the most significant influence when
deleted is the w,J.

It should be pointed out that nondimensional parameters

may be grouped in two ways. For example, Refs. 3 and 5 each
elect to nondimensionalize the w,, term differently. Reference
5 chooses to make the coefficient a function of A, whereas
Ref. 3 eliminates X in favor of a nondimensional damping
parameter. The work presented here follows the parameter
notation of Ref. 5 so that the in vacuo free vibration of a panel
can be assessed by setting X = 0.

Concluding Remarks
An analytical procedure for largeramplitude panel flutter at

hypersonic speeds has been developed using the finite element
method. Extension of the finite element panel flutter formula-
tion to include nonlinear hypersonic aerodynamic loading
(third-order piston theory aerodynamics) is presented. A
method of linearizing the assumed limit-cycle time function
has been presented. The LUM/NTF method consists of using
a linearized updated mode with a nonlinear time-function
approximation and gives results that compare extremely well
with classical analytical results for in vacuo large-amplitude
vibration and large-amplitude panel flutter using linear aero-
dynamics. Results illustrate the influence of various combina-
tions of support conditions on the limit-cycle amplitude vs
dynamic pressure relations. Results also show the destabilizing
effect of the unsteady third-order piston theory aerodynamics
compared to the quasisteady first-order piston theory aerody-
namics theory that is usually employed.
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